Abstract. -We prove that the dimension of the deformations of a given generic Fuchsian system without changing the conjugacy class of its local monodromies ("number of accessory parameters") is equal to half the dimension of the moduli space of deformations of the associated local system. We do this by constructing a weight 1 Hodge structure on the infinitesimal deformations of integrable connections. We then show that the tangent of the Hitchin map restricted to the tangent space of deformations of the Fuchsian system is an isomorphism.
Introduction
Fix p 1 , . . . , p n ∈ P 1 , and let p 0 be the point at infinity. Define P to be the simple effective divisor p 1 + · · · + p n in P 1 , and consider the function
as an identification between O P 1 and O P 1 (−P ) on the affine A 1 = P 1 \ {p 0 }. Let w = w(z) be a holomorphic function of the complex variable z, w (k) its k-th order differential with respect to z and (2) w (m) = G 1 (z) ψ w (m−1) + · · · + G m (z) ψ m w, where the G k are polynomials in z, be a Fuchsian differential equation. We recall that this means that all the solutions w grow at most polynomially with (z − p j ) −1 near p j for any 1 ≤ j ≤ n (respectively, with z near infinity). Fuchs gave a necessary and sufficient condition on the degrees of the G k 's for an equation of the form (2) to satisfy this growth condition: the degree of G k has to be at most k(n − 1). Fix an arbitrary p ∈ Z, and restrict w to have poles of order at most p for p > 0 (or a zero of order at least −p for p < 0, respectively). This way, formulae (3) define a latticeẼ of N| A 1 , i.e. an O A 1 -submodule which generates N| A 1 over O A 1 ( * P ). We equipẼ with the integrable connection with logarithmic poles at P By assumption, the integrable connection D A is regular at infinity as well. Therefore, according to a theorem of N. Katz (Thm. II.1.12 [Del70] ), there exists a lattice for the meromorphic bundle N at infinity in which D A is a logarithmic connection, i.e. its local form in any trivialisation of E contains 1-forms with at most first-order poles. This, together with the latticeẼ in the points of P , defines a lattice E of N on P 1 , such that D A is a logarithmic connection on E. Hence, we get a bijective correspondence between local solutions of (2) and local parallel sections of the logarithmic connection D A on the holomorphic bundle E. In particular, it makes sense to speak of the residue of D A in each of the singular points P ∪ ∞; it is defined up to conjugation by an element of Gl(m, C).
Throughout the paper, we will assume the genericity condition : We are interested in the following two numbers: (i). the dimension f of the space of deformations of the polynomials in (2) so that all residues of the associated integrable connection D A remain in the same conjugacy class (ii). the dimension c of the space M of deformations of the logarithmic integrable connection D A with fixed conjugacy classes of all its residues, up to holomorphic gauge-transformations. It is immediate that f ≤ c, for the space of the Fuchsian deformations (i) is contained in the space of integrable connections (ii) having the right monodromy, and two integrable connections induced by different Fuchsian equations cannot be gauge-equivalent, so this inclusion map is injective. In short, we will call deformations leaving invariant the conjugacy classes of all the residues isomonodromic. Using Fuchs' condition, the number f was computed by Forsyth in [For02] , pp. 127-128. In the introduction of his book [Kat96] , N. Katz computed c, and noticed that
In fact, both values turn out to be
He also asked whether a geometric reason underlies this equality. More precisely, he asked whether a weight 1 Hodge structure can be found on the tangent to the moduli space of integrable connections, whose (1, 0)-part would give precisely the isomonodromic deformations of Fuchsian equations.
We will define such a Hodge structure in Section 2: Our construction for this Hodge structure uses the hypercohomology long exact sequence together with Serre duality.
In Section 3, we show:
tangent of the Hitchin map restricted to infinitesimal deformations of the Fuchsian equation is an isomorphism.
For precise definitions, see Section 3.
2. The Hodge structure 2.1. Construction. -Let the bundle E be endowed with the trivial parabolic structure in all of its polar points p 0 , . . . , p n . Denote by End par (E) the sheaf of parabolical endomorphisms of E, i.e. those meromorphic endomorphisms which, by definition, have a simple pole in any point p j , with residue preserving the parabolic filtration. Since we chose the trivial filtration, this condition in our case only means that the endomorphism should have a simple pole, so End par (E) = End(E)(P + ∞). Furthermore, let us denote by End iso (E) the sheaf of isomonodromic endomorphisms, i.e. those parabolic endomorphisms whose residue in any p j is in the adjoint orbit of the residue of the connection in the Lie algebra gl(m). By Condition 1.2, this residue is regular diagonal in some basis; the isomonodromic endomorphisms are the ones whose residue in p j is off-diagonal in this basis. The infinitesimal deformations of the integrable connection D A are then described by the first hypercohomology
(see Section 12.B, [Biq97] ). The Weitzenböck formula implies that the zero and second order hypercohomologies of this complex vanish. Indeed, an ele- A and Φ are the unitary and self-adjoint parts of D A respectively with respect to the harmonic metric h. In a diagonalising trivialisation near any p j , the second condition means that a is diagonal. On the other hand, the isomonodromy condition means that a is off-diagonal in this basis. Therefore, in a neighbourhood of p j the endomorphism a is identically 0. On the other hand, by D + A a = 0 it is also covariantly constant. Now, a covariantly constant section of a bundle vanishing on some open set necessarily vanishes everywhere, hence a = 0. The vanishing of the second hypercohomology follows by duality. We deduce that the first hypercohomology fits into the short exact sequence
The term H 0 corresponds to infinitesimal modifications of the (1, 0)-part of the integrable connection while keeping the holomorphic structure fixed, whereas the term H 1 corresponds to infinitesimal modifications of the holomorphic structure. By Serre duality we have
where * stands for complex dual vector space. Hence, (10) together with (9) exhibits H 1 (D A ) as the extension of two vector spaces of the same dimension. Let us show that the two factors of this extension are complex conjugate to each other. By the above dimension count, it is sufficient to construct an explicit conjugation map from one space to the other. Suppose ϕ is an element of
is in the kernel of the Laplace operator ∆
which is just the decomposition of 1-forms according to type. It is this decomposition that defines the desired Hodge structure.
Characterisation of deformations of the Fuchsian equation. -
In this subsection, we show that the Hodge structure defined in the previous subsection satisfies the property claimed in Theorem 1.5. We start by showing that infinitesimal deformations of the Fuchsian equation lie inside the (1, 0)-part. Let G 1 (t) , . . . G m (t) be a deformation of the Fuchsian system, for t in a small disk around 0 in C. It is then clear that in the same trivialisation (3) the family of integrable connections D A(t) associated to this family of Fuchsian equations have the same form as D A , but with the G k in the bottom row replaced by G k (t). By the isomonodromy requirement, the residue of A(t) in each singular point is up to conjugation the same as the residue of A in that point. Since the trivialisations are the same for all t, this deformation leaves the holomorphic structure of the associated connections D A (t) invariant. In other words, infinitesimal deformations of the Fuchsian system lie in the kernel of the map
This shows that infinitesimal deformations of the Fuchsian system form a subspace of H 0 (Ω 1 ⊗ End iso (E)). We now come to surjectivity. Let D(t) be a continuous family of integrable connections for t in a small disk around 0 in C. By a result of N. Katz [Kat87] , for each t there exists a cyclic vector for D(t), that is to say Zariski locally on P 1 a vector e = e(t) in E such that e, D(t)e, . . . , D(t) m−1 e generate E. Put in different terms, this means that in this cyclic trivialisation of E on P 1 \ C for some finite set C = C(t) the matrix of D(t) is in companion matrix-form. Still in other terms, D(t) is the integrable connection associated to the Fuchsian differential equation whose coefficients are the functions in the lowest row of this companion matrix. The only problem is that the set C might be strictly larger than the singular set D. In literature, the additional points C \ D are called apparent singularities. In these points, all solutions of the local system associated to D(t) extend smoothly, although in the cyclic trivialisation the local form of the integrable connection has singularities. Our aim is to show that there can be no apparent singularities for D(t) if the cyclic vector for any t = 0 is obtained by a z-meromorphic gauge transformation from the cyclic vector of t = 0. This is equivalent to saying that if
for all sufficiently small t, then D(t) is associated to a Fuchsian equation with singularities exactly in D; which implies surjectivity. In order to prove this statement, we need to understand where the apparent singularities might appear. The construction of a cyclic vector in [Kat87] is clearly holomorphic with respect to the connection D. Therefore, the locus where it admits a singularity depends holomorphically on the connection D in the whole moduli space M. In particular, this is the case with the positions of the apparent singularities. Therefore, the positions of the apparent singularities form the branches of a multi-valued meromorphic function f on M. By assumption, there are no apparent singularities for D(0) = D A . This implies that f in D(0) takes its values in the set P ∪ ∞. Hence, if some apparent singularities appear for D(t), they can only split off from some of the real singularities p ∈ P or ∞. Suppose a(t) is such a branch splitting off p, i.e. such that a(0) = p, but not identical to p. (The case of a branch splitting off ∞ is identical, for the singularity is by assumption regular at infinity too.) Suppose now that there exists a continuous family in t of gauge transformations g(t, z) that are all holomorphic in z and a continuous family in t of polynomials G 1 (t, z) , . . . , G m (t, z) of z, such that denoting by w(t, z) = g(t, z)w the Fuchsian equation
has an apparent singularity in a(t). Here, we have denoted by w (k) (t, z) the derivative of order k of w(t, z) with respect to z. Of course, one has
hence by assumption of holomorphicity of g in z, (12) is equivalent to a family in t of equations
where H k (t, z) are holomorphic functions with respect to z and continuous in t. Notice that since this system specialises to the original (2) in t = 0, and a(0) = p, it follows in particular that
By general theory of differential equations with holomorphic coefficients (see e.g. Section 45 of [For02] ), the coefficient of index 1 of an equation evaluated in a singularity must be a strictly negative integer. In our situation, this means that for all t = 0 we have
Since H 1 and a(t) depend continuously on t, so does this negative integer, and is therefore a constant independent of t. But in t = 0, (13) yields
contradicting continuity of H 1 (t, a(t)). Therefore, one of our assumptions has to be false: either the family (12) is not continuous in t, or the gauge transformations g(t, z) are not continuous in t or not holomorphic with respect to z; this finishes the proof.
Behaviour under the Hitchin map
Suppose for a second, that the question was slightly different: instead of deformations of integrable connections, we tried to deform Higgs bundles isomonodromically, while keeping them in a companion matrix form. Namely, suppose a Higgs field of the form
together with the trivial holomorphic structure was given, and we were asked what is the dimension of the space of isomonodromic deformations of this Higgs bundle, so that the deformed Higgs field is of the same form but with varying functions a m (t), . . . , a 1 (t). For short, we will call such deformations of the Higgs bundle "companion". Since the characteristic polynomial of such a field is precisely
and for any appropriate polynomials (b 1 , . . . , b m ) there is exactly one such Higgs field (namely, the companion matrix of the polynomial λ n + b 1 λ n−1 + · · · + b m ), the answer would be that the dimension of companion deformations of the Higgs bundle equals to the dimension of possible characteristic polynomials for θ. Let now K be the canonical sheaf on P 1 , M be the moduli space of isomonodromic deformations of the Higgs bundle (or, equivalently by the non-Abelian Hodge correspondence, isomonodromic deformations of the corresponding integrable connection). The Hitchin map is defined by
where the a k are the coefficients of the characteristic polynomial of θ, and A is the image of H determined by the isomonodromic requirement. It is classical (and can be proved in our case using a Serre duality-argument similar to Subsection 2.1) that the dimension of the fibers of this map equals half the dimension of M, and as a consequence, the same relation holds for dim(A). Therefore, we obtain that the dimension of the space of companion deformations of the Higgs bundle equals half the dimension of M.
Denote by α the non-Abelian Hodge correspondence between moduli spaces of integrable connections and Higgs bundles. Guided by the idea above, we define the composed map H • α mapping an integrable connection coming from a Fuchsian equation to the coefficients of the characteristic polynomial of the Higgs bundle corresponding to it. In view of Theorem 1.5, Theorem 1.6 then clearly follows from: Proof. -Suppose G 1 (t, z), . . . , G m (t, z) is a family of polynomials in z varying holomorphically with small t ∈ C, inducing isomonodromic regular integrable connections d − A(t, z)dz/ψ. Suppose at least one of the G p 's change to the first order with t, i.e. the first-order term of its Taylor-series in t is a non identically zero function in z. Call k one such p. Then, one can write for (t, z) in a neighbourhood of (0, p j )
for some q > 0, where H 1 k = 0, and o(t(z − p j ) q ) refers to terms in the Taylor expansion where the powers of t and z − p j are at least 1 and q respectively, one of them being strictly bigger. (The fact that q > 0 comes from the isomonodromy requirement, and the existence of such a q is guaranteed by the choice of k.) The G k (t, z)'s are the coefficients of the characteristic polynomial χ A(t,z) (λ) of A(t, z) written in a holomorphic trivialisation: one has
Denote by (∂(t), θ(t, z)) = α(D A (t)) the Higgs bundle corresponding to d − A(t, z)dz/ψ via the non-Abelian Hodge theory. We need to show that at least one of the coefficients of the characteristic polynomial χ θ(t,z) (λ) changes to the first order with t. Non-Abelian Hodge theory says (c.f. [Sim90], [Hit87] ) that near p j the asymptotic equation
holds in the same trivialisation as before, where h 1 is a holomorphic function in z near p j (here, we have chosen the trivial parabolic structure, and used that the residue of A is semi-simple). The tangent space at D A to M is given by the first L 2 -cohomology of the complex
and the differential of α in D A maps any (1, 0)-form X to (X/2, −X * /2), where X * is the adjoint with respect to the harmonic metric. This means that for z near p j we can write
where h 2 and h 3 are holomorphic functions in z and both z and t respectively. Consider the polynomial in the variable λ
The term t 2 h 2 (z, t) clearly has no effect on the t-linear term in the Taylor series of the coefficients. On the other hand, the term h 1 (z) is independent of t, therefore the derivative of the characteristic polynomial of −A(t, z)/2(z − p j ) + h 1 (z) with respect to t in 0 equals to the derivative of the characteristic polynomial of −A(t, z)/2(z − p j ). By hypothesis, this latter has in at least one of its coefficients the term −H 1 k (z −p j ) q−1 /2, in particular not identically 0; whence injectivity.
Applications
From Theorem 1.6 we deduce: from the moduli space to the N-th symmetric product of P 1 , sending an integrable connection to the locus of the apparent singularities of the corresponding equation. (These points are not necessarily distinct; in case some of them coincide we keep track of the multiplicity.) Notice that if the preimage of an N-tuple of distinct points (a 1 , . . . , a N ) is not empty, i.e. there exists at least one Fuchsian equation with the same local monodromies as (2) and apparent singularities exactly in a 1 , . . . , a N , then any connected component of the preimage τ −1 (a 1 , . . . , a N ) is contained in the space of Fuchsian equations with the same local monodromies in all singular points (p 0 , . . . , p n , a 1 , . . . , a N ). Indeed, up to conjugacy the residue of the integrable connection induced by any such Fuchsian equation around p j is by definition equal to that of D A , and around a k is equal to the residue of an integrable connection with apparent singularity in that point, that is one whose monodromy is the identity, and the set of logarithms of the identity is discrete. In particular, we get that the dimension of τ −1 (a 1 , . . . , a N ) is smaller than or equal to the dimension of the space of Fuchsian equations with local monodromies as above. By formula (7) with n + 1 + N instead of n + 1 for the number of singular points, this latter dimension is 1 − m 2 + m(m − 1) 2 (n + 1 + N)
On the other hand, because the dimension of the image of τ is at most N, we obtain the estimate 
